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Furthermore, from work of Marsh and Martin \[[@CR5]\], one can derive an implicit correspondence between triangulations and diagrams for $\documentclass[12pt]{minimal}
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In this paper, we will give bijections between these two sets of plane graphs on sets of points in convex position. We first address the case $\documentclass[12pt]{minimal}
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Algebraic Background {#Sec2}
====================

Temperley--Lieb Algebras {#Sec3}
------------------------

Temperley and Lieb introduced in \[[@CR7]\] an algebra arising from a special kind of lattice models, which is a key ingredient in statistical mechanics. Given a field *K* and an element $\documentclass[12pt]{minimal}
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Products of generators of the algebra are obtained by concatenation of the corresponding matchings from top to bottom. Any loop arising from this is removed and replaced by a factor $\documentclass[12pt]{minimal}
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One can check that all the relations ([1](#Equ1){ref-type=""})--([4](#Equ4){ref-type=""}) are satisfied. Relation ([3](#Equ3){ref-type=""}) is illustrated in Fig. [3](#Fig3){ref-type="fig"}.Fig. 3The multiplication of generators ($\documentclass[12pt]{minimal}
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It is a well known result that the dimension of $\documentclass[12pt]{minimal}
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Fuss--Catalan Algebras {#Sec4}
----------------------

In \[[@CR1]\], Bisch and Jones introduced a natural generalization of the Temperley--Lieb algebras, the so called *k*-colored Fuss--Catalan algebras. These algebras, which we denote by $\documentclass[12pt]{minimal}
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Matchings and Triangulations {#Sec5}
============================

In the following, we consider two classes of labeled plane geometric graphs on sets of points in convex position. We will tacitly assume that the points are always in convex position and that the graphs are plane. The first class are perfect matchings on 2*n* points in convex position. We will draw these matchings with two parallel rows of *n* vertices each, labeled $\documentclass[12pt]{minimal}
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For matchings, the outdegree sequence is a 0 / 1-sequence with 2*n* digits, where *n* digits are 1 and *n* digits are 0. Moreover, the directions of the edges imply that an incoming edge at a vertex $\documentclass[12pt]{minimal}
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So far we have shown that there exists an explicit bijection between outdegree sequences on the one side and matchings respectively triangulations on the other side. We now present a bijective transformation between outdegree sequences of matchings and those of triangulations.
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By the constructions described in the previous two paragraphs it follows immediately that the two transformations are inverse to each other. Recall that the conditions for valid outdegree sequences are $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
---------

There exists a bijection between geometric plane perfect matchings on 2*n* points in convex position and geometric triangulations on $\documentclass[12pt]{minimal}
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Matchings with *k* Colors {#Sec6}
=========================

In this section we add colors to the vertices of the perfect matchings and require the matching edges to be monochromatic. For $\documentclass[12pt]{minimal}
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Clearly, the set of *k*-colored matching is a subset of the set of non colored matchings considered in the last section, and thus all properties considered there still hold. But not every matching obtained in the previous section is a *k*-colored matching and hence not every outdegree sequence of a matching is an outdegree sequence of a valid *k*-colored matching. Thus we now derive additional properties to determine which outdegree sequences of matchings correspond to *k*-colored matchings.
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Lemma 1 {#FPar2}
-------

Let *M* be a perfect matching with valid block structure that is not a *k*-colored matching. Then there exists an edge $\documentclass[12pt]{minimal}
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Proof {#FPar3}
-----

To prove the lemma we assume that $\documentclass[12pt]{minimal}
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\(i\) As the matching has a valid block structure, no bichromatic edge within a block can exist.
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\(iii\) Assume there is an even number of blocks between *S* and *E*. Then each color shows up in these blocks an even number of times. Hence, by Property (ii), the set of vertices in *S* after $\documentclass[12pt]{minimal}
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\(iv\) As there is an odd number of blocks between *S* and *E*, by Property (ii), the union of the set of vertices in *S* after $\documentclass[12pt]{minimal}
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The proof of Lemma [1](#FPar2){ref-type="sec"} implies the following theorem.

Theorem 2 {#FPar4}
---------

A matching is a *k*-colored matching if and only if it has a valid block structure and does not contain an edge as described in Lemma [1](#FPar2){ref-type="sec"}.

Remark: For a given outdegree sequence we can check in linear time if it is an outdegree sequence of a *k*-colored matching by using the reconstruction algorithm described in Sect. [3](#Sec5){ref-type="sec"}.

Tilings with *t*-Gons {#Sec7}
=====================
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                \begin{document}$$k=1$$\end{document}$) correspond to triangulations. To this end we first derive several properties of *t*-gonal tilings of convex sets.Fig. 85-gonal tiling corresponding to the 3-colored matching of Fig. [7](#Fig7){ref-type="fig"} and the outdegree sequence of its *k*-color valid triangulation

The *dual graph* of a *t*-gonal tiling *T* has a vertex for each bounded face *T* and two vertices are connected by an edge if the corresponding faces share a common edge in *T* (every pair of bounded faces shares at most one edge). An *ear* of *T* is a *t*-gon which shares all but one edge with the unbounded face and can thus be cut off of *T* (along this edge) so that the remaining part is a valid *t*-gonal tiling of $\documentclass[12pt]{minimal}
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As the dual graph of any *t*-gonal tiling *T* is a tree, as every tree with at least two vertices has at least two leaves (where the minimal case is obtained by a path), and as a leaf in the dual graph of *T* corresponds to an ear in *T*, we have the following observation:

Observation 1 {#FPar5}
-------------

Every *t*-gonal tiling with at least $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar6}
-------
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Proof {#FPar7}
-----

We prove the lemma by induction on *n*. For $\documentclass[12pt]{minimal}
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Relating *k*-Colored Matchings and $\documentclass[12pt]{minimal}
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We say that a triangulation on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+2$$\end{document}$ points in convex position is *k-color valid* if by the bijection defined in Sect. [3](#Sec5){ref-type="sec"} it corresponds to a *k*-colored matching as defined in Sect. [4](#Sec6){ref-type="sec"}. The outdegree sequence of such a triangulation is then also called *k*-color valid. A $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(k+2)$$\end{document}$-gonal tiling of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+2$$\end{document}$ points is called *k*-color valid if it can be completed to (i.e., is a subgraph of) a *k*-color valid triangulation. In the following, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=k+2$$\end{document}$.

Observation 2 {#FPar8}
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Observation 3 {#FPar9}
-------------

Using the same setting as in Observation [2](#FPar8){ref-type="sec"} the converse also holds: if *B* contains a subsequence $\documentclass[12pt]{minimal}
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The following three lemmas can be derived using Observation [2](#FPar8){ref-type="sec"}. The proof of Lemma [3](#FPar10){ref-type="sec"} also shows that the extension is uniquely determined.

Lemma 3 {#FPar10}
-------

Any *k*-color valid *t*-gonal tiling *T* on $\documentclass[12pt]{minimal}
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Proof {#FPar11}
-----
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                \begin{document}$$r = n+1$$\end{document}$, then *e* is not represented in *B*. In this case, we extend *B* by adding a block of 1s followed by a block of 0s; see again Observation [2](#FPar8){ref-type="sec"}. In both cases, all *k* new edges in the matching are local within the new blocks and monochromatic. Thus it follows by Theorem [2](#FPar4){ref-type="sec"} that the extended outdegree sequence is also color valid. Note that once *e* is fixed, by Observation [2](#FPar8){ref-type="sec"} the extension is uniquely determined. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Lemma 4 {#FPar12}
-------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T$$\end{document}$ be a *k*-color valid triangulation that contains a *t*-ear with ear-edge $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_rp_s$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \ge 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=r+t-1 \le n+2$$\end{document}$. Then the triangulation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T'$$\end{document}$ that results from removing the *t*-ear from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T$$\end{document}$ is again *k*-color valid.

Proof {#FPar13}
-----

Let *B* be the outdegree sequence of the *k*-colored matching *M* corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T$$\end{document}$ and let *W* be the subsequence of *B* corresponding to the *t*-ear. In *B*, the removal of the ear is equivalent to removing *W* from *B* (except for the last 0 for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s<n+2$$\end{document}$). Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W'$$\end{document}$ be this sequence to be removed. To show that the resulting triangulation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T'$$\end{document}$ is again *k*-color valid, we need to prove that the shortened outdegree sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B'$$\end{document}$ corresponds to a *k*-colored matching. To this end, first note that in *M*, removing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W'$$\end{document}$ from *B* is equivalent to removing 2*k* consecutive vertices of the point set. Hence the remaining vertices with the original *k*-coloring are properly colored. Second, note that the number of 0s in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W'$$\end{document}$ is *k* and the number of 1s in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W'$$\end{document}$ is *k*, implying that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B'$$\end{document}$ corresponds to some matching $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'$$\end{document}$. It remains to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'$$\end{document}$ is *k*-colored, that is, that there is no bichromatic edge in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'$$\end{document}$. By Observation [2](#FPar8){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W'=(1^{k-i+1}|0^{k-i+1},1^{i-1}|0^{i-1})$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le i \le k$$\end{document}$. In the matching *M*, this corresponds to *k* edges that form a matching of the vertices to be removed. Hence all edges in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'$$\end{document}$ also exist in *M*, implying that none of them is bichromatic. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Lemma 5 {#FPar14}
-------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T$$\end{document}$ be a *k*-color valid triangulation. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T$$\end{document}$ contains a *t*-ear with ear-edge $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_rp_s$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \ge 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=r+t-1 \le n+2$$\end{document}$.

Proof {#FPar15}
-----

Let *B* be the outdegree sequence of the *k*-colored matching corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T$$\end{document}$. Further, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$ be the subsequence of *B* that starts at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i$$\end{document}$ and has length $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2k+1$$\end{document}$, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le i \le 2n-2k$$\end{document}$, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i = \sum _{j=i}^{i+2k} b_j$$\end{document}$ be the *weight* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T$$\end{document}$ is *k*-color valid, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1 > k$$\end{document}$ (there have to be at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k+1$$\end{document}$ outgoing edges for the first $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2k+1$$\end{document}$ vertices) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_{2n-2k} \le k$$\end{document}$ (there are at most *k* outgoing edges for the last $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2k+1$$\end{document}$ vertices). Further, we also have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_{i+1}-w_i \in \{0,\pm 1\}$$\end{document}$. We will show that either at least one of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$s or the last two blocks of *B* represent a *k*-ear of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal T$$\end{document}$. To this end, we proceed through the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$s from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2n-2k$$\end{document}$ as long as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i \ge k$$\end{document}$. Whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i > k$$\end{document}$, we continue to the next subsequence (as a necessary condition for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$ to be a *k*-ear is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i=k$$\end{document}$). For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i=k$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_{i-1} > k$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{i-1}$$\end{document}$ starts with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{i-1}=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$ ends with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{i+2k}=0$$\end{document}$. We distinguish the following cases:

**Case 1 ** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$ starts with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i=1$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le a \le k$$\end{document}$ be such that the block containing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i$$\end{document}$ ends right before $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{i+a}$$\end{document}$. Then we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i=1^a|0^a1^{k-a}|0^{k-a+1}$$\end{document}$, where the 1s in the first block are forced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i=1$$\end{document}$, the 0s in the last block are forced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{i+2k}=0$$\end{document}$, and the form of the middle block stems from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i=k$$\end{document}$. Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$ is a *k*-ear by Observation [3](#FPar9){ref-type="sec"}.

**Case 2 ** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i$$\end{document}$ starts with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i=0$$\end{document}$. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_{i-1}$$\end{document}$ starts with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{i-1}=1$$\end{document}$, there is a block boundary directly before $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_i$$\end{document}$, and by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i=k$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_i=|0^a1^{k-a}|0^{k-a}1^a|0$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le a \le k$$\end{document}$.Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_j$$\end{document}$ is no ear and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_j \ge k$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \le j \le \min \{i+a,2n-2k\}$$\end{document}$.

**Case 2.1 ** If $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$w_{i+a}>k$$\end{document}$ then $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$i+a < 2n-2k$$\end{document}$ and we continue the whole process by considering $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$w_{i+a+1}$$\end{document}$.

**Case 2.2 ** If $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$i+a \le 2n-2k$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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Combining Lemmas [2](#FPar6){ref-type="sec"}--[5](#FPar14){ref-type="sec"} and Observations [1](#FPar5){ref-type="sec"}--[3](#FPar9){ref-type="sec"}, we obtain our main result.

Theorem 3 {#FPar16}
---------
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Proof {#FPar17}
-----

We first show (by induction on *n*) that every *t*-gonal tiling *T* can be completed to at least one *k*-color valid triangulation. For $\documentclass[12pt]{minimal}
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Next, assume that there exists a *t*-gonal tiling which can be refined by at least two different *k*-color valid triangulations. Let *T* be a minimal such *t*-gonal tiling and let $\documentclass[12pt]{minimal}
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So far we have shown that a given *t*-gonal tiling can be completed to exactly one *k*-color valid triangulation. For proving that there exists a bijection between *k*-colored matchings and *t*-gonal tilings, it remains to show that any *k*-color valid triangulation contains exactly one *t*-gonal tiling.

We show (by induction on *n*) that every *k*-color valid triangulation $\documentclass[12pt]{minimal}
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As by Lemma [2](#FPar6){ref-type="sec"}, every *k*-color valid triangulation $\documentclass[12pt]{minimal}
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To show that the transformation from a *k*-colored matching to a *t*-gonal tiling and vice versa can be done in linear time, it remains to show that the *t*-gonal tiling of a *k*-color valid triangulation can be found in linear time and vice versa.

Consider first a *k*-color valid triangulation $\documentclass[12pt]{minimal}
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For the other direction, consider a *t*-gonal tiling. We recursively cut off all ears in total linear time. Then, using Lemma [3](#FPar10){ref-type="sec"}, we re-add them in reverse order, together with their triangulations that are uniquely defined by Observation [2](#FPar8){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Future Work {#Sec9}
===========

It is natural to search for a characterization of the generators of Temperley--Lieb algebras in terms of triangulations (and for the generators for the *k*-colored Fuss--Catalan algebras in terms of $\documentclass[12pt]{minimal}
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                \begin{document}$$(k+2)$$\end{document}$-gonal tilings). We plan to use our explicit bijections to study the effect of edge flips in triangulations (respectively in tilings) on the corresponding matchings and to find out how the actions of generators of the Temperley--Lieb algebra (the *k*-colored Fuss--Catalan algebra) can be interpreted in terms of flips in triangulations respectively in tilings. Preliminary results have already been obtained.
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